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Abstract
Let F denote a saturated formation. In this paper we study some properties of F-hypercentrally
embedded subgroups, i.e., those subgroups T of a finite group G such that every chief factor of G
between its core and its normal closure is F-central in G. We prove that these subgroups form a
sublattice of the lattice of all subgroups of G, if F is subgroup-closed. The main result of the paper
is the following: if F contains the class of nilpotent groups and G is a soluble group, a subgroup T
which permutes with all Sylow subgroups of G is F-hypercentrally embedded in G if and only if T
permutes with some F-normalizer of G.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
All groups considered in this paper are finite. In the whole paper except in Theorem 4
we will use the following notation. If T is a subgroup of a groupG, then TG = CoreG(T )=⋂
g∈G T g is the core of T in G, i.e., the largest normal subgroup of G contained in T , and
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G containing T . The rest of the notation is taken mainly from [10].
For different reasons, hypercentrally embedded subgroups and hypercyclically embed-
ded subgroups have raised a considerable interest in the last few years. (See, for example,
[7,14] and [8].) Both embedding properties of a subgroup in a group are defined by impos-
ing to all chief factors of the group lying between the core and the normal closure of the
subgroup in the whole group to be central in the group, in the first case, or cyclic, in the
second.
The interest of hypercentrally embedded subgroups comes from two facts related to
permutability. A subgroup H of a group G is called permutable (or quasi-normal) if for
every subgroup K of G we have HK = KH (or equivalently, HK is a subgroup of G).
Much is known about such subgroups. By a fundamental result due to Maier and Schmid
(see [13]), a core-free permutable subgroup is contained in the hypercenter; in other words,
permutable subgroups are hypercentrally embedded. On the other hand, hypercentrally
embedded subgroups are a special case of S-permutable subgroups (and, consequently,
of subnormal subgroups). Subgroups which permute with all Sylow subgroups of the
group, or S-permutable subgroups, were introduced by Kegel in his seminal paper [12]
and recently P. Schmid, in [14], has given an extensive and elegant study of S-permutable
subgroups. Previously, Carocca and Maier in [8] had proved that hypercentrally embedded
subgroups are those subgroups which permute with all pronormal subgroups of the group.
On the other hand, by a theorem due to R. Schmidt which appears in his book in [15],
[5, 2.5], any modular subgroup of a group, i.e., a subgroup which is modular in the lattice
of all subgroups of the group, is hypercyclically embedded subgroup in the group. One
of the most relevant results for modular subgroups is their relationship with permutable
subgroups: a subgroup of a finite group is permutable in the group if and only if it is
modular and subnormal in the group (see [15], [5, 1.1]).
In the language of saturated formations (see [10, Section IV.3]) both embedding
properties can be read in a general framework. Given a chief factor H/K of a group G
we denote with [H/K] ∗ G the primitive group associated to H/K , that is [H/K] ∗ G
is the semidirect product [H/K](G/CG(H/K)) if H/K is abelian, and [H/K] ∗ G =
G/CG(H/K) if H/K is non-abelian. Given a saturated formation F, a chief factor H/K
of a group G is said to be F-central in G if the primitive group [H/K] ∗ G is in F.
For example, a central chief factor is an N-central chief factor, where N is the class of
nilpotent groups, and a cyclic chief factor is a U-central chief factor, where U is the class
of supersoluble groups. The F-hypercenter ZF(G) of G is the largest normal subgroup
of G such that every chief factor of G below ZF(G) is F-central in G. A chief factor is
F-eccentric in the group if it is not F-central. We denote with EF(G) the largest normal
subgroup of G such that every chief factor of G below EF(G) is F-eccentric in G (see [10,
IV, 6.8]).
In this context a subgroup T of a group G is said to be
(i) hypercentrally embedded (or N-hypercentrally embedded) in G if the section T G/TG
lays in Z∞(G/TG)= ZN(G/TG);
(ii) hypercyclically embedded (or U-hypercentrally embedded) in G if T G/TG ∈ ZU(G/
TG).
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F a saturated formation. The first encouraging result on this line comes from the study of
groups in which S-permutability is a transitive relation undertaken by Ballester-Bolinches
and Esteban-Romero in [6]. In this paper, they prove the following results:
Theorem (Ballester-Bolinches and Esteban-Romero). Let p be a prime number. For a
p-soluble group G, the following are equivalent:
(i) every p′-perfect subnormal subgroup of G is permutable with the Hall p′-subgroups
of G;
(ii) for every p′-perfect subnormal subgroup T of G, we have that every chief factor of G
between the core, TG, and the normal closure, T G, is Ep′Sp-central in G.
Theorem (Ballester-Bolinches and Esteban-Romero). Let p be a prime number. Let F be
a saturated formation such thatN⊆ F⊆Sp′Sp . For a p′-perfect S-permutable subgroup
T of a group G, the following are equivalent:
(i) every chief factor of G between the core, TG, and the normal closure, T G, is F-central
in G;
(ii) T permutes with the some F-normalizer of G.
(The reference for F-normalizers of non-necessarily soluble groups is [2].)
Motivated by these results, we study F-hypercentrally embedded subgroups in this
paper.
Definition. Let F be a saturated formation. Let G be a group and T a subgroup of G. We
say that T is F-hypercentrally embedded in G if every chief factor H/K of G between TG
and T G is F-central or, in other words, T G/TG lies in the F-hypercenter of G/TG:
T G/TG ∈ZF
(
G/TG
)
.
Our first important result, in Section 2, is that for a subgroup-closed saturated formation
F, the set of all F-hypercentrally embedded subgroups is a lattice.
It is easy to see that an F-hypercentrally embedded subgroup always permutes with any
F-normalizer of the group. However this property does not characterize, in general, the F-
hypercentral embedding of a subgroup. An important theorem of P. Schmid, see [14, The-
orem C], proves that in a soluble group G, an S-permutable subgroup T is hypercentrally
embedded in G if and only if T permutes with some system normalizer of G. In the
language of saturated formations, the system normalizers of a soluble group are the N-
normalizers, for N the saturated formation of the nilpotent groups. This fact together with
the above results of Ballester-Bolinches and Esteban-Romero, show us the relevance of
studying when the characterization for S-permutable subgroups holds. Section 3 includes
our most impressive result. We prove that for an S-permutable subgroup T of a soluble
group G, the subgroup T is F-hypercentrally embedded in G if and only if T permutes
with some F-normalizer of G.
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avoidance property. In the fourth section we analyze when F-hypercentrally embedded
subgroups possess the cover and avoidance property.
In the last section we present some counterexamples to illustrate the role of the different
hypotheses of the theorems and the validity of their converse statements.
2. The lattice of F-hypercentrally embedded subgroups
Our first results show that the F-hypercentrally embedding of subgroups verifies the
basic requirements of an embedding property which are useful in proofs using inductive
arguments.
Lemma 1. Let G be a group and T an F-hypercentrally embedded subgroup of G. Then,
if K is a normal subgroup of G and M G, we have:
(i) the subgroup TK is an F-hypercentrally embedded subgroup of G and TK/K is an
F-hypercentrally embedded subgroup of G/K;
(ii) if K M and M/K is an F-hypercentrally embedded subgroup of G/K , then M is
an F-hypercentrally embedded subgroup of G.
The proof of Lemma 1 is a routine checking.
Recall that, if H/K is a chief factor of a group G, a subgroup T covers H/K if
H =H ∩KT and T avoids H/K if K =H ∩KT .
Lemma 2. Suppose that F is an S-closed saturated formation. Let G be a group, M a
subgroup of G and T an F-hypercentrally embedded subgroup of G. Then
(i) the subgroup M ∩ T is an F-hypercentrally embedded subgroup of M;
(ii) if T M , then T is an F-hypercentrally embedded subgroup of M;
(iii) if M is normal in G, then T ∩M is an F-hypercentrally embedded subgroup of G.
Proof. (i) We recall that M ∩ ZF(G) ZF(M) (see the arguments of the first paragraph
of Theorem 4 in [4]). Since the F-hypercenter is preserved under epimorphic images and
M ∩ TG  (M ∩ T )M we deduce that M ∩ T is F-hypercentrally embedded in M .
It is clear that part (ii) is a trivial consequence of (i).
(iii) Since T is F-hypercentrally embedded in G, all chief factors of G between TG and
T G are F-central in G. We consider a piece of chief series of G between TG and T G
TG =K0 < · · ·<Km = T G. (Γ )
If M is a normal subgroup of G, then
(T ∩M)G = TG ∩M =K0 ∩M  · · ·Km ∩M = T G ∩M (Γ ∩M)
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Γ covered by M , we have Ki/Ki−1 ∼=G (Ki ∩M)/(Ki−1 ∩M). In other words all chief
factors of G in (Γ ∩M) are F-central in G. Since (T ∩M)G  T G ∩M , then T ∩M is
F-hypercentrally embedded in G. ✷
It is well-known that hypercentrally embedded subgroups are subnormal subgroups.
Concerning a saturated formation F, we say that a maximal subgroup S of a group G
is F-normal in G if the primitive group G/SG is in F. Otherwise, it is said that S is
an F-abnormal maximal subgroup of G. It is not difficult to see that if S is a maximal
subgroup of G and H/K a chief factor of G supplemented by S then S is F-normal
in G if and only if H/K is F-central in G. Now the concept of F-subnormal subgroup
becomes clear: a subgroup T of G is said to be F-subnormal in G is there exists a
chain T = S0  S1  · · ·  Sk  G such that each Si is an F-normal maximal subgroup
of Si+1.
The generalization from subnormal subgroups to F-subnormal subgroups is, in general,
a non-trivial question whose answer is not always satisfactory. For instance, the set of all
F-subnormal subgroups of a group is not in general a sublattice of the lattice of subgroups
as subnormal subgroups do. In fact the saturated formations F such that the set of F-sub-
normal subgroups of every soluble group is a lattice are characterized in [3].
Let us prove that for subgroup-closed saturated formations F containing the class of
nilpotent groups, every F-hypercentrally embedded subgroup of a group is F-subnormal in
the group. Furthermore, we prove next that if F is a subgroup-closed saturated formation,
the set of F-hypercentrally embedded subgroups of a group G is always a lattice.
Theorem 1. Let F be a subgroup-closed saturated formation such that N⊆ F. Let G be a
group and T a proper subgroup of G. If T is F-hypercentrally embedded in G, then T is
F-subnormal in G.
Proof. Let T be an F-hypercentrally embedded subgroup of G. To prove that T is F-sub-
normal in G, we use induction on |G|.
Assume that there exists a maximal subgroup S of G such that T is a proper subgroup
of S. Notice that T is F-hypercentrally embedded in S. By induction T is F-subnormal
in S. If S is an F-normal maximal subgroup of G, then T is F-subnormal in G. So,
suppose that S is F-abnormal in G. This implies that any minimal normal subgroup
of G/SG is F-eccentric in G. Hence ZF(G/SG) = 1. Now T SG/SG is contained in
the core-free maximal subgroup S/SG of G/SG and therefore T SG/SG is core-free in
G/SG. Since T SG/SG is F-hypercentrally embedded in G/SG, this means that T SG/SG 
ZF(G/SG)= 1. Thus, T  SG. Since T is F-hypercentrally embedded in SG, by induction
T is F-subnormal in SG. Since N⊆ F, then the normal subgroup SG is F-subnormal in G.
Therefore T is F-subnormal in G.
Thus, we can assume that T is a maximal subgroup of G. Since T is F-hypercentrally
embedded in G, then T G/TG  ZF(G/TG). If T G = T , then T is normal in G. Otherwise
T G =G, and then G/TG ∈ F. In any case, T is an F-normal maximal subgroup of G. ✷
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all F-hypercentrally embedded subgroups of a group is a sublattice of the lattice of all
subgroups of G.
Proof. We divide the proof in two parts according with the two lattice-operations.
1. The intersection of two F-hypercentrally embedded subgroups of a group is an
F-hypercentrally embedded subgroup of the group.
Suppose that the result is false and let G be a minimal counterexample. The set J
of all couples {A,B} of F-hypercentrally embedded subgroups such that A ∩ B is not
F-hypercentrally embedded in G is non-empty. For each couple {A,B} ∈ J , we form the
pair (|A ∩ B|, |A| + |B|). We order this set of pairs by lexicographical order. Finally we
choose a couple {S,T } ∈J such that (|S ∩ T |, |S| + |T |) is minimal.
Obviously S ∩ T = 1. If N is a normal subgroup of G and N  S ∩ T , then the
conditions are inherited in the quotient group G/N . By minimality of G, we have that
(S ∩ T )/N is an F-hypercentrally embedded subgroup of G/N . By Lemma 1(ii), the
subgroup S ∩ T is F-hypercentrally embedded in G, a contradiction. Hence S ∩ T is a
core-free subgroup of G. In particular SG ∩ TG = 1.
By Lemma 2(iii), S∩T G is F-hypercentrally embedded inG and then {T ,S∩T G} ∈ J .
Since T ∩ (S ∩ T G)= S ∩ T , we have that (|T ∩ (S ∩ T G)|, |T | + |S ∩ T G|) (|T ∩ S|,
|T |+ |S|). From our minimality assumption, it follows that S ∩T G = S. This is to say that
S  T G and then SG  T G. Arguing with T ∩ SG, we deduce similarly that T G  SG.
Hence T G = SG.
Since T is F-hypercentrally embedded in G, every chief factor of G between TG and
T G is F-central in G. IfH/K is a chief factor ofG below TG, thenH ∩SG  TG∩SG = 1.
ThereforeH/K =H/(H ∩KSG)∼=G HSG/KSG. Since HSG/KSG is a chief factor of G
between SG and SGTG  T G = SG, we have that HSG/KSG is an F-central chief factor
ofG and so is H/K . Therefore T G ZF(G). Since (S∩T )G  T G, we deduce that S∩T
is F-hypercentrally embedded in G.
2. The join of two F-hypercentrally embedded subgroups of a group is an F-hyper-
centrally embedded subgroup of the group.
Let T , S be two F-hypercentrally embedded subgroups of a group G. Consider a piece
of chief series of G between SG and SG:
SG =H0 < · · ·<Hi−1 <Hi < · · ·<Hs = SG, (1)
and construct
SGTG =H0TG  · · ·Hi−1TG HiTG  · · ·HsTG = SGTG. (2)
Notice that TG covers Hi/Hi−1 if and only if Hi−1TG =HiTG. Then the repetitions in (2)
occur exactly in the chief factors of (1) covered by TG. Otherwise, if Hi/Hi−1 is avoided
by TG, then HiTG/Hi−1TG is a chief factor of G and Hi/Hi−1 ∼=G HiTG/Hi−1TG. Hence
every non-trivial factor of (2) is an F-central chief factor of G.
Analogously we consider now a piece of chief series of G between TG and T G:
TG =K0 < · · ·<Ki−1 <Ki < · · ·<Ks = T G, (3)
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TGS
G =K0SG  · · ·Ki−1SG KiSG  · · ·KsSG = SGT G. (4)
Notice that SG coversKi/Ki−1 if and only if Ki−1SG =KiSG. Then the repetitions in (4)
occur exactly in the chief factors of (3) covered by SG. Otherwise, if Ki/Ki−1 is avoided
by SG, thenKiSG/Ki−1SG is a chief factor ofG andKi/Ki−1 ∼=G KiSG/Ki−1SG. Hence
every non-trivial factor of (4) is an F-central chief factor of G.
Therefore T GSG/TGSG  ZF(G/TGSG).
Notice that T GSG = 〈T ,S〉G and SGTG  〈T ,S〉G . It follows that
〈T ,S〉G/〈T ,S〉G  ZF
(
G/〈T ,S〉G
)
and 〈T ,S〉 is F-hypercentrally embedded in G. ✷
3. Permutability with F-normalizers
The comprehensive book [10] contains a complete study of F-normalizers of soluble
groups. It is well-known that every soluble group possesses a conjugacy class of F-
subgroups called F-normalizers which cover all the F-central chief factors of G and avoid
the F-eccentric ones. The intersection of all F-normalizers is the F-hypercenter of the
group. Since F-normalizers are preserved under epimorphic images, it is not difficult to
prove that each F-hypercentrally embedded subgroup permutes with every F-normalizer.
If T is an F-hypercentrally embedded subgroup of G and D is an F-normalizer of G, then
DT =DTG.
However F-hypercentrally embedded subgroups are not characterized by this property
as it can be seen in the final Remarks: a subgroup T of a soluble group G which permutes
with all F-normalizers of G is not necessarily F-hypercentrally embedded in G. It is clear
that we need some extra conditions to obtain a characterization.
As we have mentioned in the introduction, the case of S-permutable subgroups is
particularly interesting. P. Schmid in [14] characterizes the hypercentrally embedded
subgroups as those S-permutable subgroups which permute with some N-normalizer. The
quoted result of Ballester-Bolinches and Esteban-Romero shows that if F is the class of
p-nilpotent groups, p a prime, a p′-perfect S-permutable subgroup T is F-hypercentrally
embedded in G if and only if T permutes with some F-normalizer of G.
The importance of the influence of S-permutability becomes clear in the following
result. In [9] it is proved that a p-element x of a finite group G belongs to the hypercenter
Z∞(G) if and only if x commutes with each p′-element of G. An analogous result appears
in Lemma B of [14]. With these results in mind it is not difficult to prove that a p-subgroup
T of a group G is hypercentrally embedded in G if and only if [Op(G),T ] TG.
For F-hypercentrally embedded subgroups we have the following.
Theorem 3. Let F = LF(F ) be a saturated formation of groups containing all nilpotent
groups, where F is the canonical local definition of F. Let T be a subgroup of a soluble
group G.
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is F-hypercentrally embedded in G.
(ii) If T is F-hypercentrally embedded in G then [GF, T ] TG.
(iii) If T is an S-permutable F-hypercentrally embedded subgroup of G, then [GF(p),
Tp] TG, for any prime p and for any Tp ∈ Sylp(T ).
Proof. (i) By Lemma 1, we can assume that T is a core-free subgroup of G. In this
case every Sylow subgroup of T is also core-free in G. Hence if we prove that all Sylow
subgroups of T are F-hypercentrally embedded in G, we are done. In other words, we can
assume that T is a core-free p-subgroup of G, for some prime p, such that [GF(p), T ] = 1.
Let Gp a Sylow p-subgroup of G such that T  Gp . Let Σ be a Hall system of G
such that Gp ∈Σ . If D is the F-normalizer of G associated to Σ , then Dp = NG(Gp′ ∩
GF(p))∩Gp is a Sylow p-subgroup ofD, whereGp′ is the Sylow p-complement inΣ (see
[10, V, 2.2]). Since [GF(p), T ] = 1, we have that T Dp D. Since F is the canonical
definition of F, we have that F(p)⊆ F for any prime p, and then GF GF(p). Therefore
T  CG(GF). Since G=DGF, we have that the normal closure T G = T D . That is to say
that T G  ZF(G). Hence the subgroup T is F-hypercentrally embedded in G.
(ii) By a theorem of Huppert (see [10, IV, 6.10]), we have that [GF,ZF(G)] = 1 for all
groupsG. Thus, if T is an F-hypercentrally embedded subgroup of G, then [GF, T ] TG.
(iii) Clearly we only have to prove that the converse of (i) holds when the subgroup T is
S-permutable in G. Again we can assume that T is a core-free S-permutable subgroup
of G. In this case T is nilpotent by [14, Proposition A]. Each Sylow p-subgroup Tp
of T is a core-free S-permutable subgroup of G by [14, Proposition B]. Now, T is
F-hypercentrally embedded in G if and only if Tp is F-hypercentrally embedded in G,
for each prime p. Hence we can assume that T is a core-free S-permutable p-subgroup
of G, for some prime p, which is F-hypercentrally embedded in G.
Since T is an S-permutable p-subgroup of G, we have that Op(GF(p))  Op(G) 
NG(T ) [14, Lemma A]. Recall that Op(GF(p)) is generated by all Hall p′-subgroups of
GF(p). Hence, if H is a Hall p′-subgroup of GF(p), then T is normal in HT . Since H and
T have coprime orders, this implies that T normalizes H if and only if T centralizes H .
Since T is a core-freeF-hypercentrally embedded subnormalp-subgroup ofG, we have
that T is contained in every Sylow p-subgroup of every F-normalizer of G. This implies
that T normalizes every Hall p′-subgroup of GF(p) (see [10, V, 2.2]). Hence T centralizes
every Hall p′-subgroup of GF(p). This is to say that T centralizes Op(GF(p)). Finally
notice that, since SpF (p)= F(p), we have that Op(GF(p))=GF(p). ✷
In general, the converse of part (ii) of Theorem 3 does not hold (see Remark 2(ii) in
Section 5). Without the assumption of S-permutability, part (iii) of Theorem 3 cannot be
deduced as it can be seen in Remark 3(i).
Theorem 3 is a good illustration of the importance of S-permutability in our study of
F-hypercentrally embedded subgroups. Thus we wonder if S-permutability is that extra
condition we are looking for. And the answer is affirmative in case that F contains all
nilpotent groups.
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Suppose that T is an S-permutable subgroup of a soluble group G. Then the following
statements are equivalent:
(i) the subgroup T is F-hypercentrally embedded in G;
(ii) TD =DT for some F-normalizer D of G.
Notation for this proof. Given a group G, a normal subgroup A of G and a p-subgroup
H of G which is also an A-module over the field GF(p), the notation HG used above to
write the normal closure of a subgroupH in a groupG coincides with the classical notation
of the induced module. To avoid any confusion, in the proof of this theorem, following the
notation of [10], we will write 〈HG〉 = 〈Hg: g ∈ G〉 for the normal closure of H in G.
Likewise, we will write CoreG(H)=⋂g∈GHg to avoid any confusion with the classical
notation of restricted modules.
Proof. It is clear that F-hypercentrally embedded subgroups always permute with the F-
normalizers. Thus we have only to prove that (ii) implies (i).
Let G be a minimal counterexample to the Theorem and let T be an S-permutable
subgroup of G such that TD = DT for some F-normalizer D of G but T is not F-
hypercentrally embedded in G. We can assume that T has minimal order with these
requirements. Write X=DT .
Recall that if T is a p-subgroup of a groupG for some prime p, then T is S-permutable
in G if and only if Op(G)  NG(T ) (see [14, Lemma A]). In the sequel we will write
A=Op(G). Notice that, since N⊆ F, then G=AD.
Step 1. We can assume that T is an S-permutable core-free p-subgroup of G, for some
prime p.
As a consequence, T is normalized by A and T is not contained in D.
If N is a non-trivial normal subgroup of G, then, by minimality of G we have that
T N/N is F-hypercentrally embedded in G/N . Hence we can assume that CoreG(T )= 1.
Since T is S-permutable this implies T is nilpotent by [14, Proposition A]. Let p be a
prime dividing the order of T and write Tp for the Sylow p-subgroup of T .
Suppose that Tp is a proper subgroup of T . Then Tp is an S-permutable subgroup
of G by [14, Proposition B]. Therefore Op(G)  NG(Tp). By [1, 1.3.2], there exists
a Sylow p-subgroup Dp of D such that DpTp ∈ Sylp(X). Moreover D = DpDp′ for
any Dp′ ∈ Hallp′(D). Since Dp′  Op(G) NG(Tp), then DTp = TpD. By minimality
of T , we have that Tp is a core-free F-hypercentrally embedded subgroup of G, i.e.,
Tp  ZF(G). This is true for every prime p and then T  ZF(G), a contradiction. Hence
T is a core-free S-permutable p-subgroup of G, for some prime p.
By the Schmid’s lemma, A normalizes T . Since G = AD, for every g ∈ G we have
that T g = T x for some x ∈D, and the normal closure of T in G is 〈T G〉 = 〈T x : x ∈D〉.
Suppose that T  D. Then 〈T G〉  D and 〈T G〉 is an F-hypercentral normal subgroup
of G. Hence T  ZF(G), a contradiction. Therefore T is not contained in D.
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Write H =Op′(G). Observe that if CoreG/H (T H/H)= C/H , then C =H × (C ∩T ),
since T ∩ C  Op(G). Hence T ∩ C = Op(C) is a normal subgroup of G. Therefore
T ∩ C = 1. Hence CoreG/H (T H/H) is trivial. If H = 1, then, by minimality of G,
we have that TH/H is a core-free F-hypercentrally embedded subgroup of G/H . This
implies that TH/H  ZF(G/H)DH/H , and then TH DH . Now notice that T is a
subnormalp-subgroup ofDH andD contains a Sylow p-subgroup ofDH . Hence T D,
a contradiction. Therefore Op′(G)= 1.
Step 3. Let S be an F-critical maximal subgroup of G such that D is an F-normalizer of
S. Then
(i) X ∩ S =D, and
(ii) CoreG(S) = 1.
Recall that, for [10, V, 3.7], if D is an F-normalizer of G, there always exists an F-
critical maximal subgroup S of G such that D is an F-normalizer of S.
(i) Since G = AD = AS and A normalizes T , therefore for any g ∈ G, the conjugate
T g = T x for some x ∈ S. Hence 1 = CoreG T =⋂g∈GT g =
⋂
x∈S T x . This implies that
CoreS(T ∩ S)=⋂x∈S(T x ∩ S)= (
⋂
x∈S T x)∩ S = 1.
Since F(G) = Op(G), by Step 2, and S is a critical subgroup of G, then we have
G = F(G)S = Op(G)S. This implies that if Q is a Sylow q-subgroup of S, for q a
prime such that q = p, then Q ∈ Sylq(G). Since T is S-permutable in G, then TQ is
a subgroup of G and TQ ∩ S = Q(T ∩ S) is also a subgroup of G. On the other hand,
T ∩ S Op(G)∩ S Op(S). Hence T ∩ S is an S-permutable subgroup of S.
Moreover,X∩S =DT ∩S =D(T ∩S). Thus, in the group S, we have that the core-free
S-permutable p-subgroup T ∩ S permutes with the F-normalizer D of S. By minimality
of G, we have that T ∩ S is F-hypercentrally embedded in S, i.e., T ∩ S  ZF(S). Since
D is an F-normalizer of S, we have that T ∩ S  ZF(S)D. Hence X ∩ S =D.
(ii) If S is a core-free maximal subgroup of G, then G is a primitive group. Let
N be the unique minimal normal subgroup of G. Then G = SN with S ∩ N = 1 and
N = Op(G). Therefore T  N . Since D  S, it is clear that N ∩ D = 1. But then
N ∩ X = N ∩ DT = (N ∩ D)T = T is a normal subgroup of X. This is to say that D
normalizes T . Since A also normalizes T and G=AD, then T is a normal subgroup of G.
This is a contradiction. Hence CoreG(S) = 1.
Step 4. Write M = 〈T G〉, the normal closure of T in G. Then M = T N for every minimal
normal subgroup N of G such that N  S.
By Step 3(ii), there exists a minimal normal subgroupN ofG such thatN  S. Consider
the quotient group G/N . By minimality of G, the subgroup T N/N is F-hypercentrally
embedded in G/N . If we write CoreG(T N) = C, this is to say that T N/C  DC/C.
Hence XN DC. On the other hand, since C = (C ∩ T )N , we have that DC =D[(C ∩
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X = S ∩X =D and T D, a contradiction. Hence G= SC = S[N(C ∩ T )] = S(C ∩ T ).
Since T ∩C is a normal subgroup of Op(G)T , then T ∩C is a core-free S-permutable
p-subgroup of G. Moreover T = T ∩ (T ∩C)S = (T ∩C)(T ∩ S). Observe that T ∩ S 
X ∩ S =D, by Step 3(i). Then T ∩ S = T ∩D and T = (T ∩C)(T ∩D) and X =DT =
D(T ∩ C). If T ∩ C is a proper subgroup of T , then by minimality of T , we have that
T ∩ C  ZF(G)  D. But this means that T  D, a contradiction. Thus T  C and
therefore C = TN is a normal subgroup of G.
Since T N is a normal subgroup of G, it is clear that the normal closure M of T in G
is M  TN and then M = T (M ∩N). Since N is a minimal normal subgroup of G and
T =M , we have that N M and then M = TN .
Step 5. We have that
(i) M is a G-module over k =GF(p);
(ii) the restriction MA is a completely reducible A-module over k; in particular, T is a
completely reducible A-module;
(iii) if R is an irreducible A-submodule of MA, then all chief factors of G below 〈RG〉,
the normal closure of R in G, are G-isomorphic;
(iv) M =Z×E, where Z =M ∩ZF(G) and E =M ∩EF(G), and Z = 1 =E.
(i) Since T is a subnormal p-subgroup of G, its normal closure M is also a p-group.
Consider the normal subgroup Φ(M) of G and suppose that Φ(M) = 1. Let N be a
minimal normal subgroup of G such that N  Φ(M). If N  S, then M = T N , by
Step 4, and then M = T . Since T is core-free in G, this is a contradiction. Therefore
N complements the maximal subgroup S of G. But then N Φ(M)Φ(G) S and this
is not possible. Therefore Φ(M)= 1. Hence M is an elementary abelian p-group. In other
words, M is a G-module over k.
(ii) Since A normalizes T , then T is an A-submodule of MA. Recall that J (MA), the
semisimple radical of the A-module MA, is the intersection of all maximal A-submodules
of MA. Since A is normal in G, the action of G permutes these maximal submodules,
and then J (MA) is a normal subgroup of G. Suppose that J (MA) is non-trivial, and let
N be a minimal normal subgroup of G such that N  J (MA). If N  S, then M = TN ,
by Step 4, or, in additive notation, MA = T +NA. By Nakayama’s Lemma (see [11, VII,
10.4]) this implies that M = T , a contradiction. Hence N is complemented by S in G, i.e.,
G= SN and S ∩N = 1. Hence M =N(S ∩M). Notice that S ∩M is a normal subgroup
of S and N centralizes M ∩ S. Hence M ∩ S is a normal subgroup of G, i.e., M ∩ S is a
G-submodule of M . In additive notation, we have that MA = NA ⊕ (S ∩M)A. Again by
Nakayama’s Lemma, this implies that M = S ∩M , that is T M  S, a contradiction.
Therefore J (MA) = 0 and MA is a completely reducible A-module. Recall that since
T is S-permutable, T is an A-submodule of MA and then T is a completely reducible
A-module.
(iii) Let R be an irreducible A-submodule of MA. By [5, Lemma 1] we know that all
composition factors of the induced module RG are isomorphic. Denote by α the inclusion
ofR inMA. Then there exists a kG-homomorphismα′ :RG →M such that (x⊕g)α′ = xg
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closure of R in G, is G-isomorphic to a quotient G-module of RG, and therefore all
composition factors of the G-module 〈RG〉 are isomorphic. This is to say that all chief
factors of G below 〈RG〉 are G-isomorphic.
(iv) Consider now the G-submodule M∗ = Z + E of M . Since ZF(G) ∩ EF(G)= 1,
we have indeed that M∗ = Z ⊕ E. Suppose that M∗ is a proper submodule of M . Since,
by (ii), the A-module MA is completely reducible, there exists an A-submodule M0A
complementing M∗A in MA, i.e., MA =M∗A ⊕M0A. Let R be an irreducible A-submodule
of M0A. By (iii), all chief factors of G below 〈RG〉 are G-isomorphic and therefore the
normal subgroup 〈RG〉 is either F-hypercentral or F-hypereccentric in G, i.e., either.
〈RG〉  Z or 〈RG〉  E. In any case 〈RG〉  M0A ∩ M∗A = 1, in group notation,
a contradiction. Therefore M =M∗. In group notation, M =Z×E.
If M  ZF(G), then T  ZF(G), a contradiction. Hence M  ZF(G), and therefore
E = 1.
If M  EF(G), then M is F-hypereccentric in G. Hence D ∩M = 1. Observe that
M ∩ X = M ∩ DT = (M ∩ D)T = T . Hence T is normal in X, or, equivalently, D
normalizes T . Since A also normalizes T and G = AD, then T is a normal subgroup
of G. This is a contradiction. Hence M EF(G), and then Z = 1.
Step 6. We have that T ∩Z = 1.
Consider T1 = T ∩Z. Since Z is normal in G, then T1 is normalized by A and then T1
is an S-permutable p-subgroup of G, by [14, Lemma A]. In other words, T1 is a proper
A-submodule of T . Since T is a completely reducible A-module, T1 is complemented by
an A-submodule T0 in T . This is to say that T = T1 ⊕ T0 and T0 is normalized by A, i.e.,
T0 is an S-permutable p-subgroup of G, again by [14, Lemma A]. Now T1  Z D and
then X =DT0. If T0 is a proper subgroup of T , then by minimality of T , we have that T0 is
F-hypercentrally embedded in G. Since T0 is core-free in G, this implies that T0  Z D,
a contradiction. Hence T0 = T or, equivalently, T1 = T ∩Z = 1.
Step 7. Conclusion.
By Step 5(iii), for every irreducible A-submodule R of T , all chief factors of G below
〈RG〉, the normal closure ofR inG, areG-isomorphic. If 〈RG〉 is F-hypercentral inG, then
〈RG〉 Z, and therefore R  Z∩T = 1, a contradiction. Hence 〈RG〉 is F-hypereccentric
in G and 〈RG〉  E. Thus, all irreducible A-submodules of T are in E. Since T is a
completely reducible A-module, this means that T  E. Therefore the normal closure of
T in G is M =E. But this implies that Z = 1 and this is the final contradiction. ✷
As it can be observed in Remark 1(ii) and (iii) in Section 5, Theorem 4 does not hold in
the following cases:
(a) if the formation F does not contain the class of all nilpotent groups;
(b) if the subgroup T is not S-permutable in G.
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If every chief factor of G is covered or avoided by T , then we say that T has the cover
and avoidance property in G or, in short, that T is a CAP-subgroup of G.
For a saturated formation F, it is easy to see thatN⊆ F⊆ U it if and only if the F-central
chief factors of all groups are cyclic.
Theorem 5. Let F be a saturated formation such that N⊆ F⊆ U. Let G be a group and
T a F-hypercentrally embedded subgroup of G. Then T is a subgroup with the cover and
avoidance property in G.
Proof. Suppose that the result is false and let G be a minimal counterexample. Thus, there
exists a F-hypercentrally embedded subgroup T of G and a chief factor H/K of G such
that K =H ∩KT =H .
By minimality of G, we can assume that K = 1 and H is a minimal normal subgroup
of G such that 1 =H ∩ T =H .
If there exists a minimal normal subgroupN of G such that N  T , then all hypotheses
hold for G/N and T/N and we obtain a contradiction. Therefore TG = 1.
Then, T is a subgroup of ZF(G). Thus
1 =H ∩ T H ∩ZF(G).
It follows that H  ZF(G) and then H is a F-central minimal normal subgroup of G. This
implies that the order of H is a prime number and this contradicts that 1 < H ∩ T < H .
This is the final contradiction. ✷
In general S-permutable subgroups do not have the cover and avoidance property (see
Remark 2(i) below).
If the saturated formation F is not contained in the class of supersoluble groups, we
cannot deduce that F-hypercentrally embedded subgroups have the cover and avoidance
property as Remark 3(ii) shows.
In the particular case of the class of nilpotent groups, we have that N-hypercentrally
embedded subgroups are S-permutable subgroups that possess the cover and avoidance
property. But this is not a characterization of hypercentrally embedded subgroups as it can
be observed in Remark 1(i) below.
Theorem 6. Let F be a saturated formation such thatN⊆ F⊆ U. LetG be a soluble group,
T an F-hypercentrally embedded subgroup of G and D an F-normalizer of G. Then
(i) the subgroup DT possesses the cover and avoidance property in G; more precisely,
DT avoids the F-eccentric chief factors of G avoided by T and covers the rest;
(ii) the subgroup D∩ T possesses the cover and avoidance property in G; more precisely,
D ∩ T covers the F-central chief factors of G covered by T and avoids the rest.
Proof. The statement (ii) is a consequence of (i), using routine order arguments. Therefore,
it only remains to prove (i).
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be a chief factor of G. If either H/K is covered by T or is F-central, then H/K is covered
by DT . Thus assume that H/K is an F-eccentric chief factor of G avoided by T . In the
group G/K the minimal normal subgroup H/K is F-eccentric and avoided by TK/K .
If K = 1, by inductive hypothesis, H/K is avoided by (DT )K/K and this implies that
DT avoids H/K in G. Hence we can assume that K = 1. Similarly we can assume that
CoreG(T )= 1. Hence DT =D and the consequence is clear. ✷
5. Counterexamples
Counterexample 1. Let S = 〈a, b: a3 = 1 = b2, ab = a−1〉 be a group isomorphic to
Sym(3). Then there exists an irreducible 2-dimensional S-module U over K = GF(2)
such that the semidirect product [U ]S is isomorphic to Sym(4). There exists a basis {x, y}
of U such that
xa = y, ya = xy, xb = xy, yb = y.
Let V = U1 ⊕ U2 be a direct sum of 2 copies of U and consider the semidirect product
G= [V ]S = [U1 ⊕U2]S. We write the elements of V with the obvious subindices.
Since U is an absolutely irreducible S-module, then EndKG(U) = K . The number of
irreducible submodules of the homogeneous module V is exactly the number of points of
a projective line over K , which are 3 (see [10, B, 8.2]), namely Ui = 〈xi, yi〉, i = 1,2, and
U0 = 〈x1x2, y1y2〉. These are the three minimal normal subgroups of G.
Finally it is clear that Z(G)= 1 =Z∞(G).
Remarks 1. Let G be the group of Counterexample 1.
(i) There exists a core-free S-permutable 2-subgroup of G which possesses the cover and
avoidance property but is not hypercentrally embedded in G.
(ii) For F = S3, there exists a core-free S-permutable subgroup T of G such that T
permutes with all F-normalizers of G but T is not F-hypercentrally embedded in G.
(iii) There exists a subgroup Y of G which is not S-permutable in G and such that Y
permutes with some system normalizer of G but Y is not hypercentrally embedded
in G.
(i) Let T be the 2-dimensional subspace of V generated by {x1y2, y1x2y2}. The
subgroup T is a core-free subnormal 2-subgroup ofG. It is easy to see that T is normalized
by 〈a〉. Hence T is normal in O2(G) = [V ]〈a〉. Equivalently, T is S-permutable in G.
Moreover T avoids any minimal normal subgroup of G and any chief factor of G over V .
Also T covers any chief factor of G of the form V/Ui, i = 0,1,2. Hence T possesses the
cover and avoidance property in G.
Therefore T is a core-free S-permutable 2-subgroup with the cover and avoidance
property in G which is not hypercentrally embedded in G.
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of F is F(3)=S3 and F(p)= ∅ otherwise. The (unique) F-normalizer of G is the trivial
subgroup of G and obviously the F-hypercenter of G is trivial. The subgroup T of (i) is a
core-free S-permutable subgroup T of G which permutes with the F-normalizer and is not
F-hypercentrally embedded in G.
(iii) Consider the subgroup Y = 〈y1〉 of G. The system-normalizers of G are the
conjugacy class {〈b〉g: g ∈ G}. Obviously Y is not hypercentrally embedded in G. But
Y permutes with the system normalizer 〈b〉 of G. It is clear that the subnormal subgroup Y
does not permute with the Sylow 3-subgroups of G.
Counterexample 2. Let D = 〈c, b: c7 = b2 = 1, cb = c6〉 be the dihedral group of
order 14. Denote C = 〈c〉 ∼= C7. There exists an irreducible C-module W over GF(2)
of dimension 3, such that the minimal polynomial of the action of c over W is x3 + x2+ 1.
There exists a basis {w1,w2,w3} of W such that wc1 = w2, wc2 = w3, wc3 = w1 + w3.
Consider the induced module V =WD . Then VC =W ⊕Wb . In the C-module Wb the
action of c is described by (wb)c = wbc = wbcbb = (wc6)b for all w ∈ W . Since the
minimal polynomial of the action of c6 over W is x3 + x + 1, we have that W and Wb
are non-isomorphic irreducibleC-modules. Therefore, the inertia subgroup is ID(W)= C.
This implies that V is an irreducible D-module over GF(2), by [11, VII, 9.6].
Construct the semidirect product G= [V ]D. Then V =W ×Wb .
Remarks 2. Let G be the group of Counterexample 2.
(i) There exists a core-free S-permutable subgroup W in G which has not the cover and
avoidance property in G.
(ii) For the formation F = U of all supersoluble groups, there exists a core-free S-
permutable subgroup W in G centralizing the F-residual GF of G which is not F-
hypercentrally embedded in G.
(i) If Q ∈ Syl7(G), then Q= Cv , for some element v ∈ V . Since WC is a subgroup of
G, we have that (WC)v =WCv =WQ is a subgroup of G. Moreover W  V =O2(G)
and then W is contained in all Sylow 2-subgroups of G. Hence W is an S-permutable
subgroup of G.
Notice that WG = 1 and Z∞(G) = 1. Thus, the subgroup W is not hypercentrally
embedded in G. Since V is a minimal normal subgroup of G and 1 =W =W ∩ V = V ,
the subgroup W does not possess the cover and avoidance property in G.
(ii) If U is the class of supersoluble groups, then the U-residual is GU = V . Observe
that W is an S-permutable subgroup of G such that W  CG(GU)= V . However W is not
U-hypercentrally embedded in G.
Counterexample 3. Let X = Hol(C)= [C]Aut(C) be the holomorph group of the cyclic
group C ∼= C7 of order 7. Since Aut(C) = Z ∼= C6, a cyclic group of order 6, then X is
generated by two elements c, z such that c7 = z6 = 1 and cz = c3.
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GF(2)-module V . Therefore we can consider V as an X-module by inflation such that
CX(V )= C〈z3〉. Consider the semidirect productG= [V ]X. Clearly G/CX(V )∼=Alt(4).
Remarks 3. Let G be the group in Counterxample 3.
(i) For the saturated formation F= U of all supersoluble groups, there exists a core-free
subgroup T of order 2 which is F-hypercentrally embedded in G but [GF(2), T ] = 1.
(ii) Let F be the saturated formation locally defined by F(2)=S2S3 and F(p)=Sp , if
p is an odd prime. Then F is not contained in the class U. There exists a core-free F-
hypercentrally embedded subgroup Y which has not the cover and avoidance property
in G.
(i) Consider the saturated formation F = U of all supersoluble groups. Then the
canonical definition of F is F(p)=SpU(p− 1), where U(p− 1) is the class of all abelian
groups of exponent dividing p − 1 (see [10, IV, 3.4(f)]). Then F(2) = S2 and GF(2) =
O2(G)= VC〈z2〉 and ZF(G)= CX(V )= C〈z3〉. Consider the subgroup T = 〈z3〉. Then
T is a core-free subgroup of order 2 and is clearly an F-hypercentrally embedded subgroup
of G. However cz3 = c6 and then [GF(2), T ] = 1.
(ii) Since G/CG(V ) ∼= C3 ∈ F(2), the minimal normal subgroup V of G is F-central
in G. The other minimal normal subgroup C is F-eccentric in G since G/CG(C) ∼=
C6 /∈ F(7). Therefore V = ZF(G) and any cyclic subgroup Y of V is a core-free F-
hypercentrally embedded subgroup ofG which does not possesses the cover and avoidance
property in G.
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